Supermassive Black Holes (BHs) residing in brightest cluster galaxies (BCGs) are overly massive when considering the local relationships between the BH mass and stellar bulge mass or velocity dispersion. Due to the location of these BHs within the cluster, large-scale cluster processes may aid the growth of BHs in BCGs. In this work, we study a sample of 71 galaxy clusters to explore the relationship between the BH mass, stellar bulge mass of the BCG, and the total gravitating mass of the host clusters. Due to difficulties in obtaining dynamically measured BH masses in distant galaxies, we use the Fundamental Plane relationship of BHs to infer their masses. We utilize X-ray observations taken by Chandra to measure the temperature of the intra-cluster medium (ICM), which is a proxy for the total mass of the cluster. We analyze the M BH − kT and M BH − M bulge relationships and establish the best-fitting power laws:log 10 (M BH /10 9 M ) = −0.35 + 2.08 log 10 (kT /1keV) and log 10 (M BH /10 9 M ) = −1.09 + 1.92 log 10 (M bulge /10 11 M ). Both relations are comparable with that established earlier for a sample of brightest group/cluster galaxies with dynamically measured BH masses. Although both the M BH − kT and the M BH − M bulge relationships exhibit large intrinsic scatter, based on Monte Carlo simulations we conclude that dominant fraction of the scatter originates from the Fundamental Plane relationship. We split the sample into cool core and non-cool core resembling clusters, but do not find statistically significant differences in the M BH − kT relation. We speculate that the overly massive BHs in BCGs may be due to frequent mergers and cool gas inflows onto the cluster center.
INTRODUCTION
Throughout the evolution of galaxies, they undergo diverse physical processes, which produce the observed galaxy populations and result in various relations between different galaxy properties (Croton et al. 2006; Faber et al. 2007) . BHs are believed to have a profound effect on the evolution of their host galaxy due to their energetic feedback Cattaneo et al. 2009; Cheung et al. 2016) . By precisely measuring the mass of BHs, relationships between the BH mass and the properties of the host galaxies have been established, the most well-known being the correlation between central stellar velocity dispersion (σ) and BH mass (e.g. Ferrarese & Merritt 2000; Gebhardt et al. 2000; McConnell & Ma 2013; DeGraf et al. 2015) , as well as the relationship between stellar bulge mass and BH mass (e.g. Magorrian et al. 1998; Häring & Rix 2004) . These results have contributed to the development of the current theoretical paradigm, in which the BH and the host galaxies co-evolve and regulate each others growth (Fabian 1999; King 2003; DiMatteo et al. 2005; Hopkins et al. 2006; Shankar et al. 2006; Somerville et al. 2008) .
The study of BHs and their host galaxies has been extensive, despite the difficulties in measuring the BH masses accurately. However, large-scale structures, in which most galaxies are embedded (Sepp & Gramann. 2013) , could influence the evolution of BHs. Most galaxy groups/clusters contain a unique type of elliptical galaxy, known as the Brightest Group/Cluster Galaxies (BGGs/BCGs) at their center (Crawford et al. 1999; Bernardi et al. 2007 ). Typically, BGGs/BCGs are both the most massive and luminous galaxies in the group/cluster. As these galaxies are located at the bottom of the potential well for these large-scale structures, it is feasible that the BHs of BCGs undergo a different evolution than BHs residing in field or satellite galaxies. Studies of BHs in BCGs pointed out that many of these BHs are over-massive in comparison to the stellar bulge mass or velocity dispersion of the BCG (McConnell et al. 2011 (McConnell et al. , 2012 Mezcua et al. 2018) . This hints that the large-scale potential of clusters may aid the growth of these BHs.
There is a vast difference between the scales of BHs and galaxy groups/clusters. While the sphere of influence of BHs is ∼ 100 pc for BHs with masses ∼ 10 9 M , galaxy groups/clusters extend to Mpc scales. Therefore, it is appealing to probe if the growth of BHs in BCGs may be influenced by the large-scale structures. From theoretical considerations, a correlation between BH mass and cluster halo temperature is expected (Gaspari & Sadowski 2017) . This relation had been previously quantified by Mittal et al. (2009) , who used the luminosity of the BCG as a proxy for the BH mass. More recently, Bogdán et al. (2018) investigated using a sample of 17 galaxy groups/clusters, which had dynamically measured BHs in their BGGs/BCGs. By analyzing XMM-Newton X-ray observations, they found a tight correlation between the BH and total mass of the group/cluster, which was traced via the gas temperature of the ICM. This relation had an intrinsic scatter in the x and y-axes of 0.22 and 0.38. They concluded that the M BH − kT relation is tighter and has less scatter than the M BH − M bulge relation (which had scatter of 0.35 and 0.68 in each axes), hinting that the BH mass of BGGs/BCGs may be determined by physical processes that are governed by the properties of the large-scale potential. The results of Bogdán et al. (2018) have been succesfully reproduced in simulations (Bassini et al. 2019) . However, the sample of Bogdán et al. (2018) was relatively small, as it was limited by the available dynamical BH mass measurements in BGGs/BCGS. Whilst this means their masses are more accurate, this also meant that they were unable to investigate these relationships for a notable sample of massive clusters. To further probe the findings of Bogdán et al. (2018) , it is necessary to extend the sample of galaxy groups and clusters, especially including massive systems.
As measuring the mass of BHs using dynamical methods is challenging for less massive and/or distant BHs, we must rely on tracers. In this work, we utilize the Fundamental Plane relationship, which defines a plane between BH mass and its luminosity in the X-ray and radio (Merloni et al. 2003; Falcke et al. 2004; Körding et al. 2006; Gültekin et al. 2009 ). The Fundamental Plane relationship for BCGs was investigated by HlavacekLarrondo et al. (2012) for a sample of 18 BCGs. This work was extended by Mezcua et al. (2018) , who measured the X-ray and radio properties for a large sample of BHs in BCGs using Chandra and VLBI data. Here, we use their results to infer both BH masses and bulge masses of the BCGs. While they investigated the Fundamental Plane relationship of both Merloni et al. (2003) and Plotkin et al. (2012) , in this work we opt to use the "standard" relation of Merloni et al. (2003) as this relation covers the largest range of radio luminosities and BH masses.
To derive the total mass of the galaxy clusters, we utilize Chandra X-ray observations. Specifically, the temperature of the ICM is a good proxy for the cluster's total mass (Horner et al. 1999; Ettori et al. 2013 ). Not only is it a good proxy, but through using this method we maintain a straight forward comparison with the work of Bogdán et al. (2018) . We then use the temperature measured from these X-ray observations to study the BH mass -cluster temperature relationship.
The structure of the paper is as follows: in Section 2 we discuss the sample selection process and the observations used to obtain them. Section 3 describes the analysis of the Chandra data. Results are presented in Section 4 and in Section 5 we discuss the implications of these results. We summarize our results in Section 6. In this paper, we take the Hubble constant, H 0 , to be 70 km s −1 Mpc −1 and Ω M = 0.3 and Ω Λ = 0.7. All error bars represent 1σ uncertainties, unless otherwise mentioned. Figure 1 . Redshift distribution for two cluster samples. The hatched (blue) distribution is the clusters in the sample studied by Bogdán et al. (2018) . The empty (red) distribution shows the clusters studied in this work. Note that the galaxy clusters investigated in this work have significantly higher redshifts than those in Bogdán et al. (2018) .
SAMPLE
To study a larger set of galaxy clusters with indirect BH mass measurements, we rely on Mezcua et al. (2018) who investigated the Fundamental Plane relationship for BCGs. Mezcua et al. (2018) drew their sample from Hogan et al. (2015) , who examined the radio properties of X-ray selected BCGs from a parent sample of three ROSAT X-ray catalogs. This sample includes galaxy clusters with redshifts in the range of 0.006 < z < 0.29. By utilizing Chandra X-ray and VLBI radio observations, Mezcua et al. (2018) probed the Fundamental Plane relationship. They inferred the BH masses of the galaxies using the K-band luminosities of the BCGs. They concluded that the BHs were overly massive compared to the galaxy's stellar mass. However, they did not expand their analysis to include the effects of the cluster. In this work, we utilize the Fundamental Plane relationship from Merloni et al. (2003) , together with the X-ray and radio luminosities from Mezcua et al. (2018) , in order to calcualte the BH masses.
In Figure 1 we show the redshift distribution for our sample as well as that for the sample studied by Bogdán et al. (2018) . Given the larger redshift range of the present sample, we can explore a larger volume, hence more massive clusters can be studied. However, while dynamically measured values for BH mass are preferable in constraining accurate relationships, they are limited to nearby and massive BHs. Therefore, without the use of tracers we would not be able to significantly increase the sample size and explore higher redshift, and, hence more massive clusters. To study the ICM of the galaxy clusters, we utilized Chandra X-ray observations. All the systems have been observed with Chandra -as it was also used by Mezcua et al. (2018) . Although XMM-Newton data is avaliable for some sources in our sample, in order to avoid calibration issues (e.g. see Schellenberger et al. 2015) we opted to use only Chandra data. The data analysis was performed using CIAO software version 4.9 and CALDB 4.7.6 (Fruscione et al. 2006) .
As the first step of the analysis, we reprocessed all Chandra observations using the chandra repro tool. Since we aim to study the diffuse emission, we must identify and remove bright point sources. To this end, we utilized the wavdetect task, which correlates the data with a Mexican Hat wavelet function of different scales and generates a list of point sources. The applied scales were the square root series of two from √ 2 to 8.0. The point sources found by wavdetect were then masked from the analysis of the diffuse X-ray emission.
Once the point sources were excluded, we filtered the time periods that had high background due to flares. For each observation, we extracted light curves in the 2.3 − 7.3 keV energy range and binned them with a time interval of 200 s. Light curves were extracted within this energy range, as Chandra is most sensitive to flares in this band (Hickox & Markevitch 2006) . We applied the deflare tool with the parameter nsigma = 2. Hence, we removed all time periods that were ≥ 2σ outliers from the mean, which resulted in exposures that were typically 15 − 25% shorter than the original exposures (Table 1) . Although we could be less conservative by applying a 3σ clipping instead, we prefer to use a 2σ clip. We use this clipping since it is more effective in excluding soft proton flares, and therefore more effective in avoiding bias in the spectral fit procedure.
To account for the sky and instrumental background components, we constructed the blank-sky background for each observation. We used the blanksky tool to create the background event files. While the spectrum of the background remains invariable, its normalization exhibits variations. To account for this, we used the count rates in the 10 − 12 keV energy range to re-scale the blank-sky background files. Note-Columns are as follows: (1) Name of the galaxy cluster; (2) Line-of-sight column density to the cluster (Kalberla et al. 2005) ; (3) BH mass obtained from the Fundamental Plane relation (Merloni et al. 2003) ; (4) Stellar bulge mass of the BCG calculated using K-band luminosity and the mass-to-light ratio of 0.85 (Bell et al. 2003) ; (5) Best-fit temperature of the ICM; (6) M500 mass inferred from the best-fit temperature in column (5) using the kT − M500 relation of Lovisari et al. (2015) ; (7) R500 radius of the cluster; (8) The fraction of the R500 radius included in the Chandra field of view. The errors associated with the M500 mass and R500 radius were computed from the temperature uncertainties.
Measuring the Temperature of the ICM
To accurately measure the ICM temperature, we first identified the peak of the X-ray emission, which is considered to be the center of the cluster. To find the X-ray peak, we smoothed the 0.7 − 2 keV band images with a Gaussian with a kernel size of 3. We searched for the maximum on this smoothed image, which defined the peak of the emission. We note that the center of the cluster may be slightly offset from the BCG (Hudson et al. 2010) . Several clusters in our sample exhibit double peaked profiles, as these may be undergo mergers (see Section 5). In these cases the second peak was masked from the observations.
After we identified the center of each cluster, we determined the R 500 radius. As the first step, we computed the signal-to-noise ratio in the 0.7 − 2 keV band using concentric annuli. The first spectra were extracted within a radius where the signal-to-noise ratio peaked. After extracting the spectrum, we determined the initial temperature and an initial M 500 1 using the kT − M 500 relation by Lovisari et al. (2015) :
M 500 5 × 10 13 h −1 M = 1.71 log 10 kT 2 keV + 0.20
(1) Where h is the reduced Hubble constant. This M 500 value was then used to calculate the R 500 radius.
Once the initial R 500 radius was retrieved, we followed the iterative process outlined in Lovisari et al. (2017) to measure the gas temperature of the ICM. Specifically, we extracted the source and background spectra from the (0.15 − 0.75)R 500 region, in order to exclude the central regions where there could be an extreme temperature gradient. These spectra were fit using XSpec (Arnaud 1996) . From the fit we obtained a new temperature, and, hence M 500 value using the kT − M 500 relation in Lovisari et al. (2015) . This new M 500 and the inferred R 500 defined the new extraction annulus. We continued to iterate via this process until the temperature remained invariant within 5%. Although Lovisari et al. (2017) used the M − Y x relation, in this work we rely on the kT − M 500 relation for consistency with Bogdán et al. (2018) . For most of the clusters, the extraction region lay within the field-of-view of the analyzed Chandra observations. However, for a small sample of nearby clusters, only a relatively small fraction of the R 500 were included in the field-of-view. For these systems, we utilized multiple observations to increase the coverage of the clusters. In Appendix A we show all the Chandra images of the clusters in the 0.7−2.0 keV band as well as the annulus which the final spectra was extracted from defined by the R 500 value.
1 M 500 is the mass contained within the radius where the density of the cluster is 500 times the critical density of the Universe Spectra along with the corresponding response files for the source and background data were extracted using the specextract and dmextract tools, respectively. The background spectra were renormalized using the count rate ratios observed in the 10 − 12 keV band, and the renormalized background spectrum was subtracted from the source spectrum. The background-subtracted source spectrum was grouped by count number with each bin requiring a minimum of 15 counts. This final spectrum was used to fit a model and determine the ICM temperature of the galaxy cluster.
We used the spectral analysis software, XSpec, to fit a model to the data (Arnaud 1996) . Fitting was performed in the 0.7 − 5 keV energy band. We fit the emission with an apec model that describes collisionally ionized thermal plasma. We allowed the abundance, temperature and normalization to vary. For the abundances we used the table of Anders & Grevesse (1989) In addition, we included photoelectric absorption, whose value were the weighted average from the Leiden/Argentine/Bonn (LAB) survey (Kalberla et al. 2005) . This procedure resulted in acceptable fits for most clusters in our sample. However, for two clusters, A478 and J0352.9+1941, the column densities provided by the LAB survey were underestimated. We obtained significant residuals at < 1 keV for the spectra of these clusters. The LAB survey underestimates column densities, and this underestimation becomes strongly signficant for high values (excess of 10 21 ), such as for these clusters. Therefore, for these two systems we allowed the column density to vary during the fitting process. Allowing this parameter to vary results in an acceptable fit.
In Table 2 we list the obtained R 500 and M 500 values as well as the best-fit ICM temperatures.
Cool Core and Non-Cool Core Clusters
Given our larger sample size, we aim to explore whether the M BH − kT relationship exhibits variations for different types of clusters. Specifically, we split our sample into cool core (CC) and non-cool core (NCC) clusters. Due to their dynamics, CC clusters generally have greater gas inflow to the center (Hudson et al. 2010) . This process may increase the growth rate of the BH residing in the BCG. This, in turn, could lead to differences in the M BH − kT relation for CC and NCC clusters.
There are several parameters that can be used to distinguish between these two types of cluster and the debate is ongoing as to which parameter is the most accurate. Therefore, we used four parameters to split the galaxy cluster samples into CC and NCC clusters to ex- amine whether there is a difference in the M BH −kT relationship. These parameters are central electron density, central entropy, cuspiness, and surface brightness density (Hudson et al. 2010) . Instead of using a value from literature, the median value of each of the parameters was used to split our sample. We split our clusters in this way because, if we were to use a value from the literature, then we would need our data to be calibrated perfectly with the original work. As this is difficult, by using the median value instead of classifying the clusters definitively as a CC (NCC), we simply make a distinction between more relaxed (disturbed) systems. Therefore from now on we will refer to the two populations as more relaxed, e.g. clusters showing CC properties, and more disturbed (clusters showing NCC properties).
To calculate these parameters, we constructed surface brightness profiles in the 0.7 − 2 keV band for each cluster. For each cluster, we created 38 concentric annuli with a minimum of 10 pixels and a maximum of 200 pixels. To account for the background, we used the blank-sky images in the same energy range and with the same annuli. The obtained background subtracted surface brightness profiles were fit with a double-beta model (Hudson et al. 2010 (2) where A 0,1 and A 0,2 are the amplitudes, r c,1 and r c,2 are the core radii. The values for amplitude, core radii and β 1,2 were fit for each cluster. Based on these, we computed the four parameters to define the relaxed and disturbed cluster sub-samples. The obtained distribution of these sub-samples are shown in Figure 2. 
Central Electron Density
To calculate the central electron density (n e,0 ) from the double-beta model, we use: (3) where n e,1 and n e,2 are the central electron densities for each component in the double-beta model. The calculation of these quantities depends upon n 0 , i.e. the central density:
where N is the normalization obtained from the bestfit apec model. To calculate the value of n 0 , we used 0.048R 500 as the central extraction region (Hudson et al. 2010) . The electron densities n e,1 and n e,2 for the double-beta model were calculated following Hudson et al. (2010) . The value of n e,0 could be used to classify clusters as either disturbed or relaxed. The median which we took as a"splitting" value was n e,0 = 0.040 cm −3 . Clusters with a density less than this value were classified as disturbed systems, as a hotter central temperature indicates a lower central density which is characteristic of a NCC system.
Central Entropy
To split the clusters based on their central entropy (K 0 ), we compute this parameter using:
where T 0 is the central temperature, which is computed for the 0.048R 500 region, thereby maintaining consistency with the normalization in Equation 4. The "splitting" value for this parameter is K 0 = 26.59 keV cm 2 . If K 0 was less than this value then the cluster would be classified as a relaxed cluster as the gas at the center is cooler and hence less perturbed.
Cuspiness
The cuspiness parameter (α) was suggested as a parameter for identifying CC clusters at large redshifts (Vikhlinin et al. 2007 ) and it is defined as:
when r = 0.04R 500 . As our density function is based on the double-beta model we can recast Equation 6 as the following:
where the core radii and the β 1,2 are the values found from fitting the double-beta model (Equation 2) to the surface brightness profile. The values LI i are the line emission measure for model i and σ 12 is the ratio of the central surface brightness of model 1 to model 2. Finally, b i , b i are defined as:
and
where i=1,2. For further details we refer to Hudson et al. (2010) .
The median "splitting" value for this parameter is α = 1.05. If α > 1.05 then the cluster is classified as disturbed.
Surface Brightness Density
The final parameter we used to identify clusters as either CC or NCC was the surface brightness density, C sb . This parameter was first used by Santos et al. (2008) , as a way to measure the excess of brightness at the core of a cluster. The C sb is defined as:
In other words, the C sb is the ratio of the integrated surface brightness within a radius 40 kpc to that within a radius of 400 kpc. For this parameter a median "splitting" value of C sb = 0.66 is used where clusters with a C sb greater than this value are classified as relaxed clusters, as CC clusters are bright at the center (Fabian et al. 1984) . We note that the median values we use to split the samples into relaxed and disturbed clusters differ from the literature, but this is to be expected due to differences between our samples and the data used.
RESULTS

Correlations
In the top left and right panels of Figure 3 , we depict the observed relation between the BH mass and the cluster temperature and stellar bulge mass, respectively. Note that the BH masses are inferred from the Fundamental Plane relation (Merloni et al. 2003) . The errors in the BH masses were calculated using the uncertainties obtained for the X-ray and radio luminosities of the BHs. To infer the BH mass from the Fundamental Plane, it is necessary to detect the BHs both in radio and X-ray wavelengths. However, in the sample of Mezcua et al. (2018) several BHs remain undetected in the X-ray band. Therefore, for these BHs we compute upper limits on the BH mass. To derive the stellar mass of the BCGs, we rely on Mezcua et al. (2018) , who provides the K-band absolute magnitude of the galaxies. We convert the K-band luminosities to stellar mass using the K-band mass-to-light ratio of 0.85, which is typical for massive elliptical galaxies (Bell et al. 2003) . On the plots we add the data points from Bogdán et al. (2018) , which used nearby galaxy groups/clusters with dynamically measured BHs. In the bottom left and right panels of Figure 3 , we show the relations between the inferred BH mass against cluster mass inferred from the kT − M 500 relation , as well as the relation between bulge mass and best-fit cluster temperature, respectively. We note that for six clusters in our sample, the fraction of the R 500 radius covered by the field of view of Chandra is R frac < 0.4. After examining these clusters, we concluded that the BHs associated with their BCGs are not preferentially over-massive or under-massive relative to other systems. As such, these data points do not introduce a bias in our results.
To compute the best-fit relations, we used the BCES REGRESS code (Akritas & Bershady 1996) . This linear regression code uses bivariate correlated errors and intrinsic scatter fitting method. It is advantageous to use this over standard linear regression fitting as it allows for the errors in both the x and y measurements to be taken into account. We performed the fits in log − log space and used the bisector method. In order to perform a fitting that included the upper limited sources we adopted the following method. For the non detections (shown with arrows in Figure 3 ), we calculated a lower limit on the BH mass and then assumed that the true BH mass could be represented by a random uniform distribution between the upper and lower limits. The lower limits were calculated using the M BH − M bulge relation of McConnell & Ma (2013) . We take the lower limits to be 3σ below the predicted value from this relation. In order to implement the BCES REGRESS code, all variables need an error. Therefore the non detections, for the BH masses we assume that the errors are 25% of the range between the measured upper limit and the calculated lower limit. We tested different percentages for the errors but found no significant difference in the result. For the detected BH mass points, we assumed a Gaussian distribution between the error range centered on the measured value. With these two random distributions for the detections and non detections we implemented the fitting code via a Monte Carlo simulation and repeated 10 4 times. The values quoted below and in Table 3 are the mean from all these realizations. We obtained the following relationships: log 10 M BH 10 9 M = −0.35 + 2.08 log 10 kT 1 keV (11) log 10 M BH 10 9 M = −1.09 + 1.92 log 10 M bulge 10 11 M
log 10 M BH 10 9 M = −1.08 + 1.45 log 10 M 500 10 13 M
log 10 M Bulge 10 11 M = 0.39 + 1.06 log 10 kT 1 keV
The intrinsic scatter in both the x and y planes were calculated following Lovisari et al. (2015) :
Where σ
x,y tot and σ x,y stat represent the total and statistical scatter along x and y, and the value, a, is the gradient calculated from the BCES REGRESS code. The bestfit relations, the scatter, and the Pearson and Spearman correlation coefficients are tabulated in Table 3 .
The best-fit M BH − kT relation is somewhat steeper and exhibits larger scatter than the relation found in Bogdán et al. (2018) . We note that the bulge masses in this work and in that of Bogdán et al. (2018) were calculated using different methods. To make the M BH − M bulge relations comparable, we re-computed the bulge masses for the sample of Bogdán et al. (2018) using the method applied in this work. The M BH − M bulge relations are identical within 1σ uncertainties. The intrinsic scatter in the M BH − kT and M BH − M bulge relations are σ y intrin = 0.91 and 0.96 respectively, which exceeds those found in Bogdán et al. (2018) and is comparable with the scatter in the Fundamental Plane relation of 0.88 found by Merloni et al. (2003) .
In the bottom left panel of Figure 3 we plot the BH mass against the M 500 mass of each cluster. To convert the cluster temperature to M 500 , we used the kT − M 500 relation of Lovisari et al. (2015) (Equation 1 ). The M BH − M 500 relationship (Equation 13) is consistent to within 1σ with that found by Bogdán et al. (2018) . In the bottom right panel of Figure 3 , we show the relation between the stellar bulge mass and the cluster temperature. While this relation exhibits smaller scatter (see Table 3 ), the best-fit relation and the correlation coefficients are comparable to that obtained in Bogdán et al. (2018) .
Joint Fit Correlations
The sample investigated in this work explores the high-mass end of the relations, while Bogdán et al. (2018) studied the low-mass end of the scaling relations. Therefore, here, we combine the two samples and perform joint fitting to establish relations, which are constrained across a broad range of galaxy groups and clusters with temperatures of kT = 0.4 − 12 keV. We find the best-fitting equations to be: log 10 M BH 10 9 M = −0.21 + 1.98 log 10 kT 1 keV (16) log 10 M BH 10 9 M = −1.07 + 1.94 log 10 M bulge 10 11 M (17) log 10 M BH 10 9 M = −0.82 + 1.16 log 10 M 500 10 13 M
log 10 M Bulge 10 11 M = 0.48 + 0.92 log 10 kT 1 keV
The intrinsic scatter in both axis was also calculated for the joint sample using Equation 15, as well as the Pearson and Spearman correlation coefficients. All results are summarized in Table 4 . The joint fit relations are visualized in Figure 3 as the dotted green line. From Table 4 , it is clear that the M BH − kT relation is slightly tighter than the M BH − M bulge relation. This is likely due to the relation for the joint fit being driven by the dynamically measured BHs. The scatter in both the M BH − kT and the M BH − M bulge relation has been reduced, however the scatter arising from the Fundamental Plane relation likely plays a notable role.
Monte Carlo simulations
Given that the scatter in the M BH − kT and the Fundamental Plane relation are comparable, we investigate whether the intrinsic scatter of the Fundamental Plane relation may be responsible for the observed scatter in the the M BH − kT relation. Therefore, we performed Monte Carlo simulations.
We assumed that the relation in Equation 11 was perfect and used it to determine the masses of BHs using a random distribution of 10 4 temperatures within the temperature range of our data. A Gaussian distribution was created using a scatter of 0.88 that characterizes the Fundamental Plane relationship of Merloni et al. (2003) , which was convolved with the BH masses produced to give a randomly scattered sample of simulated data. We then calculated the best-fit relation using BCES REGRESS code and the intrinsic scatter in the y-direction (σ y intrin ) for the simulated data. We repeated this 10 3 times, and derived the gradient, y-intercept, and σ y intrin for each realization. The left panel of Figure 4 shows one representative realization of the simulation along with the observed data for the M BH − kT relationship. All the observed points lie within the range set by the simulated data, hinting that at least part of the scatter in our data may be due to the Fundamental Plane relation.
In the right panel of Figure 4 we show the distribution of σ y intrin for the simulations. We find that 68% of the simulation have a scatter in the range of σ y intrin = 0.87 − 0.89, which is similar the scatter of the Fundamental Plane relation. We find that the observed scatter of σ y intrin = 0.91 is observed in none of the realizations. It is possible that dominant fraction of the scatter is introduced due to the Fundamental Plane relation that was used to infer the BH masses but further factors may also contribute to the scatter. These are further discussed in Section 5.
Investigating cool core and non-cool core clusters
In Section 3.2, we used the median of each morphological parameter to split hte sample into the most relaxed (CC like) and most disturbed (NCC like) systems.
In Figure 5 we plot the BH mass against cluster temperature for each of the four parameters to probe if there is any distinction between the two types. We find that relaxed and disturbed clusters do not occupy different parts of the parameter space. This hints that BHs do not undergo drastically different evolution in the centers of these two categories of cluster. Therefore although galaxy/cluster mergers and cooling flows could be contributing to the unexpected growth of the BH in the BCG, we cannot identify the most significant cause. To further investigate the relations, we make a distinction between clusters for which three or more parameters identified them as relaxed or disturbed. However, we do not find statistically significant differences between the two populations. We implemented the same fitting method as in 4.1 using the BCES REGRESS code for each of the parameters. We found that for each parameter, the difference in the M BH − kT relation for the two sub-samples was statistically insignificant, therefore we still cannot justify the cause of the unexpected growth for clusters that resemble properties similar to CC and NCC systems.
5. DISCUSSION
Tightness of the scaling relations
In this work, we investigated the tightness of the relations between the total mass of galaxy clusters (traced by the best-fit gas temperature), the stellar mass of BCGs, and the mass of the central BH.
We found that the best-fit M BH −kT relation is similar to that found by Bogdán et al. (2018) , albeit the scatter is significantly larger (Table 3) . While the dominant fraction of the scatter likely originates from the intrinsic scatter in the fundamental plane relation, part of the scatter in the relation may arise from uncertainties in measuring the X-ray and radio luminosity of the BH as well as measuring the cluster temperature. Specifically, resolving the nuclear X-ray source and deriving its luminosity is challenging in the center of luminous galaxy clusters (Mezcua et al. 2018) . In a fraction of the BCG sample, the BHs remained undetected, which might be either due to the dormant nature of the BHs or the luminous ICM in which the BCG is embedded. Thus, the large observed scatter in the M BH − kT relation is likely due to the combination of the intrinsic scatter of the Fundamental Plane relation, measurement uncertainties in the X-ray luminosity of the BH and ICM temperature, and the intrinsic scatter in the relation.
The scatter in the M BH −M bulge relation is comparable to that obtained for the M BH −kT relation. Because the scatter for both relations is dominated by the intrinsic scatter of the Fundamental Plane, our results do not contradict Bogdán et al. (2018) , who found lower scatter and tighter correlation for the M BH − kT relation. This result is further supported by the joint fitting of this and Bogdán et al. (2018) data sets. Again the M BH − kT relation is tighter than the M BH − M bulge , but both exhibit similar scatter.
The discrepancies in the M BH − kT relation between our work and that of Bogdán et al. (2018) are likely due to the different populations of galaxy groups and clusters. The sample of Bogdán et al. (2018) was mainly dominated by galaxy groups, and their sample included only two systems with an ICM temperature greater than 2 keV. This implies that their relation in the high mass end is not well constrained. In this work, we mainly study massive galaxy clusters. Indeed this sample consists of 53 clusters with a temperature greater than 2 keV. Therefore the nature of the M BH − kT relationship is dictated largely by the high mass clusters resulting in a steeper relation.
Our results suggest that the M bulge − kT is the tightest relationship (Table 3 ). The scatter and the tightness of this relation is comparable with that obtained in Bogdán et al. (2018) . However, we note that both M bulge and kT are directly measured quantities, unlike those where the M BH is inferred from the Fundamental Plane. Therefore, it is not surprising that there is less scatter observed in this relationship. From the joint fitting, we can draw a similar conclusion.
Hence, the observed scaling relations are not inconsistent with the results of Bogdán et al. (2018) . However, to conclusively confirm that the M BH − kT relation is tighter than the M BH − M bulge relation, more accurate BH mass measurements would be required.
Processes aiding the growth of BHs in BCGS
Our results demonstrate that for a given stellar bulge mass, BCGs have more massive BHs than satellite galaxies. This can be seen in panel (b) of Figure 3 where we have plotted BH mass against BCG stellar mass. On this plot we added the M BH − M bulge relation of McConnell & Ma (2013) to emphasize how overly massive most of these particular BHs are. It is worth noting that the best-fit M BH − M bulge relation presented in McConnell & Ma (2013) (see Figure 3) includes BCGs. Excluding BCGs would result in a shallower M BH − M bulge relation, implying that the BHs studied in this work would be even stronger outliers. Therefore, we overview the physical processes that may aid the growth of these BHs.
A candidate process that could be contributing to the accelerated growth of BHs in BCGs is galaxy-galaxy mergers. Mergers play an important role in the growth of BCGs since BCGs grow a factor of 1.8 in mass between z=1 and the present-day universe (Burke & Collins 2013) . At the centers of galaxy clusters, mergers are more frequent than in field or satellite galaxies. Clusters with similar total mass can exhibit different BCG merging histories. Within 50 kpc radius a BCG can have on average ∼ 6.45 companions, which over time will infall and merge with the BCG (Burke & Collins 2013) . A merger of a gas-rich galaxy could directly feed the BH and induce star formation, hence the M BH −M bulge relation may still hold. However, Kaviraj (2014) suggested that certain merger events weaken the coupling between stellar mass and BH growth which would allow for a larger scatter in this relationship, especially for BCGs.
Structure formation simulations established that BHs with masses > 10 9 M predominantly grow through BH-BH mergers (Dubois et al. 2014) . For central cluster galaxies BH-BH mergers, in which one of the BHs does not get ejected from the center, occurs more frequently than in field or satellite galaxies (see Yoo & Miralda-Escudé 2004 , and references therein)]. In addition, BCGs undergo many dry mergers. During these gas-poor mergers, the star formation is less likely to be induced, but the central BH will still grow due to the BH-BH merger (Volonteri & Ciotti 2013) . These processes together could result in the higher BH masses of BCGs. Therefore it is possible that mergers aid the growth of BHs in BCGs.
Cold gas flows that directly feed the BH could also play a role in aiding the growth of BHs. Cold gas flows may occur within a radius occupied by the BCG (Reisenegger et al. 1996) , if the cooling time of the gas is shorter than the Hubble-timescale. While subsonic cold flows may enhance star formation (see O'Dea et al. 2010 , and references therein), many BCGs with cooling flows do not show signatures of active star formation. It is possible that the low-angular momentum gas flows do not give rise to significant star-formation, but support the rapid growth of BHs. Three clusters exhibit cooling flows in our sample, A1795, A2597 and Hydra, which cover a broad range of cluster temperatures with kT = 1.72 − 6.07 keV (O'Dea et al. 2004; Rafferty et al. 2006) . The inferred mass of these BHs exceeds the expected value from the M BH −M bulge relation of McConnell & Ma (2013) , these particular clusters are 3.5σ − 4.0σ outliers from the local M BH − M bulge scaling relation. In addition, Rafferty et al. (2006) examined the star formation rate and BH growth rate of these clusters, and concluded that for Hydra the BH is growing faster than expected from the relation of Magorrian et al. (1998) . We also examined the location of these BHs on the M BH − kT and M BH − M bulge relations. We find that all three are within 1σ y intrin of the M BH − kT relation. However, they are 2σ y intrin above our best-fit M BH − M bulge relation. Overall, these results are consistent with the findings of Rafferty et al. (2006) . Therefore, it is feasible that low angular momentum cold flows play a notable role in fueling the growth of BHs in BCGs. This is in slight contradiction with the results found in Section 4.4, where we observed that CC clusters do not host significantly larger BHs than NCC ones. However, our sample only has three clusters with distinct cooling flows, therefore any dependence of the M BH − kT relation on CC properties may have been washed out due to the sample splitting process.
CONCLUSIONS
In this work, we investigated the relationship between cluster mass, BCG stellar mass, and BH mass. The main results can be summarized as follows:
• We studied a sample of 71 galaxy clusters in the redshift range of z = 0.006 − 0.29. The BH mass of the BCGs was inferred from the Fundamental Plane relation and the total mass of the galaxy clusters was traced through the temperature of the ICM.
• We concluded that the BH mass of BCGs significantly exceeds that expected from the local scaling relations, implying that additional processes aid the growth of these BHs. We also derived scaling relations between the BH mass, BCG stellar mass, and galaxy cluster mass.
• We found that the best-fit M BH − kT relation is steeper than that of Bogdán et al. (2018) and a larger scatter is present. Using Monte Carlo simulations we determined that most of this scatter may originate from the intrinsic scatter of the Fundamental Plane relation.
• We split the galaxy cluster sample using different criteria, and explored whether cool core and noncool core clusters exhibit a different M BH − kT relation. However, we did not find a statistically significant difference, suggesting the BHs in BCGs do not undergo different evolution on CC and NCC clusters.
• We discussed the potential causes of the unexpected growth in these BHs, from BH-BH mergers up to cluster-cluster mergers and cooling flows. Some clusters in our sample exhibited these features. Hence we compared their BH masses to the relations we found in section 4.1, which showed that these processes may have some influence over the aided growth of BHs in BCGs. However due to the small number of objects in our sample displaying either a cluster-cluster merger or a cooling flow are small, we cannot definitively say to what extent the effect is that these processes have. We conclude that in order to test the effects of these processes, we will need to probe galaxy evolution simulations.
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